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This paper presents a nonlinear theory of the incompressible aerodynamics of two-dimensional airfoils in
unsteady potential flow. Results are obtained for cases of both large and small amplitude motion. The analysis,
which is based in part on an extension of Wagner’s integral equation to the nonlinear regime, allows completely
for the trailing wake’s tendency to deform under local velocities. Interactive computational results are presented
for a variety of imposed airfoil motions. These show examples of wake-induced lift and moment augmentation
and/or delay on the order of 20-30 percent of quasistatic values as well as a variety of long-term ‘‘history”’
effects. The expandability and flexibility of the present computational method in the online mode are noted, as
well as the relative speed with which solutions are obtained.

Nomenclature
c =airfoil chord length
h(t) = height of airfoil midchord above reference axis
L{t), M(t) =Ilift and moment on the airfoil

s =distance along the wake from the airfoil
trailing edge

Smax(?) =distance along the wake up to the end of the
wake

t =time

U =U,+h tanw

Uy, = freestream speed

u(B) =total tangential velocity component on the
airfoil

,(8) = wake-induced tangential velocity on the airfoil

u,v = Cartesian velocity in inertial airfoil frame
components

(B) =total normal velocity component on the airfoil

0, (8) = wake-induced normal velocity on the airfoil

X,y = Cartesian coordinates fixed on global
reference axes in the physical (airfoil) plane

%y = Cartesian coordinates parallel and normal to
the airfoil '

z.2 =complex equivalents x +iy, X+ iy

2,(5,1) =vortex location in the wake, x, + iy,

alt) =angle of attack

¥(B) =total strength of bound vorticity on the airfoil

YolB) =strength of bound vorticity if wake absent

(B =strength of additional bound vorticity needed
because of wake

Yw{S, 1) =strength of free vorticity in the wake

To(r) =bound circulation, if wake absent.
To= Ei/g/z dXvy,

I = additional bound circulation needed because
of wake. T', = |92, d&y,

Tairront(?) =total bound circulation, I'y+ T,
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Tware(?) =total circulation of the free wake
AN =nonlinear shifted times, t —7, t —7
Poo = density
7,7 = drift times
¢ = velocity potential

Introduction

HE early, classical studies of the aerodynamic response of

an airfoil to unsteady motion, including the effects of the
airfoil’s unsteady wake, were carried out in such pioneering
works as those of Theodorsen,! von Karman,? Kiissner,?
Sears,* and Wagner.® These original contributions were based
on potential flow principles and in part on a set of linearizing
assumptions that restricted their applicability to low-ampli-
tude airfoil motions and small angles of attack. Among the
corresponding limitations in these classical studies are the
approximations that the wake be laid out flat behind the
airfoil and that the vorticity within it be convected as if by the
freestream.

In this paper, with help from the computer and computer
graphics, we address the nonlinear case of large-amplitude
airfoil motion and attempt to show that this can be done
essentially as an extension of classical analytical techniques
despite the occurence of severe wake deformation and roll-up.
The overall results obtained are similar in form and spirit to
those of other modern studies, cited below, which also include
the effects on nonlinear wake deformation. But an attempt is
made in this work to reduce computational effort to a mini-
mum by extending the classical theory’s analytical methods as
far as possible.

In the present treatment, for example, an extension of Wag-
ner’s integral equation®’ to the nonlinear case is obtained,
enabling us to relate the exact circulation strength of each
wake element as it enters the wake to the sequential develop-
ment of the airfoil circulation. That element’s circulation is
then fixed for all time as it convects with the distorted wake.
In addition, the location of each such wake element is de-
scribed conveniently in terms of characteristic coordinates,
including the “‘shifted time’’ discussed below. The resulting
procedure provides an analytic framework within which a
relatively simple and rapid computer code can be developed,
depicting airfoil response to a given manuever.

Using this code with computer graphics, one can determine
the wake convection quite quickly, enabling one to see the
wake unfold as the program runs. Output of loading, force,
and moment histories is also generated and can be displayed
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online. A typical run for a given maneuver occupies times
from only a few minutes to half an hour per case on a VAX
11-750, depending on the time step and/or wake resolution
required.

Kinematics of Nonlinear Wake Convection

One of the keys to our procedure is the effective nonlinear
description of vortex convection within the wake. For this
purpose a method based on characteristic variables is intro-
duced.

Any free vorticity associated with unsteady plane two-di-
mensional fluid motion in the incompressible limit obeys the
Helmholtz Law in the form dQ,/d¢ =0. Formally, therefore,
if AO=N\(x,y,7) and 4@ =1y(x,y,t) are two independent char-
acteristic solutions of dA®/dr=0, with appropriate
boundary and initial conditions, then @ (x,y,1)=Q.(3,\).

Boundary conditions can be specified such that one of these
characteristic variables, n say, is constant on streaklines (and
thus on the airfoil ‘““wake’’) drawn at fixed 7. The remaining
variable, A, can then be chosen to be the shifted time

A=st—71 ¢))
where

dr

T =1 )

and 7 is the Eulerian ‘‘drift time’” with the usual simple
physical interpretation.® Extension of this classical procedure
to three-dimensional convection is straightforward.

When a concentrated vortex sheet is embedded in otherwise
potential flow the variables » and A defined above will gener-
ally be discontinuous at the sheet. In that case it is useful to
replace by a continuous function, 5., say, which instead of
dn/dt =0 satisfies

dn. _ . 3
a - o +<v>-Vy.=0

and - 3)

Av-Vq.=0

/

The statement y5.(x,y,t) =constant then describes a sheet (or
streakline) whose deformation is controlled by convection at
the mean velocity at the sheet:

<v>'_—=%(v*+v‘) “@)

Also, Eq. (3b) states that the velocity jump
Av=yp*t—y~ &)

has no component perpendicular to the sheet at any time,
which is one of the boundary conditions appropriate to evolu-
tion of a free vortex sheet.

In the same framework the secod characteristic variable
needed at and along the sheet can be chosen to be the ‘‘mean
shifted time”’

A=t—7 (6)

in analogy with Eq. (1). In this case, however,

|
]

a—%+<v> vi=1 7
dr ot = Q)
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where 7 represents the mean drift time of fluid elements within
the vortex sheet.

The variable X provides the coordinate along the wake; in
fact, it identifies each fluid element in the wake according to
when it left a specified upstream location such as the airfoil
trailing edge. For the classical theory with linearized wake
convection at freestream speed U, for example, this shifted
time is simply

[
X ——

(linear limit)

o

In the classical theory, as described in Ref. 2, for example,
major advantage is taken of the fact that the wake vorticity is
a pure function of X (linear). In the present nonlinear treat-
ment the same idea is exploited using the nonlinear variable in
Egs. (6) and (7).

Dynamics of Free Wake Convection

If the flow is potential on either side of the vortex sheet,
then the potential jump A¢ occuring at the sheet is a function
of both x and ¢, which must be determined or specified. In the
present case application of the Bernoulli equation on either
side of the sheet, together with the boundary condition that
there be no jump in static pressure across the sheet, yields the
restriction dAep/dt =9dA¢/dt + <v > - VAp=0. [The relation
determining ‘‘A¢’’ emphasizes the fact that in the presence of
a deforming unsteady wake, the boundary-value problem we
must solve for ¢ is inherently nonlinear even for the irrota-
tional, solenoidal case. In effect, unlike the classical treat-
ment, we must satisfy the condition Ap =0 on a surface (the
wake) whose shape and location is to be determined as part of
the solution. Nevertheless, in our present numerical time-step-
ping procedure we are able to retain a certain ‘‘linear’” feature
to our approach. At each time step, namely, we are able to
regard the wake surface as ‘‘known’’ at that instant, just after
its relocation during the previous time step.] As a result, we
can write, all along the wake in the two-dimensional case,

Ap=Ap(N\) (8)

Thus, the Ag(x,?) at the wake is a function of the single
characteristic variable, f—7(x,#), and the statement
Ag=Ag(N) is equivalent to guaranteeing zero pressure jump
across the free wake.

In a distance ds along the sheet at any fixed ¢ the elemental
change in circulation, dI', is determined by this local jump

across the sheet of the velocity potential. In fact, for a fixed ¢,

—dT'=ds % Ap(s,1) = d[Ap(R)] ©

and consequently dT'=dT'(A\)=T""(\)dA.

In the nonlinear situation A plays the convenient role of
providing a monotonically increasing ‘‘coordinate’’ along the
wake, whether the wake is distorting and rolling-up or not.
Thus, for example, the total wake circulation at any given time
tis

I

Smax{?) _ _
Thare(t) = SO Ywake(S, 1) ds = SO dAl" (M) (10

It is important to note that the variable X is automatically
produced during the computer time-stepping calculations and
requires no extra computation. We have found it a very help-
ful key to the rapid and efficient numerical evaluation of all
wake integrals.
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Velocity Field of the Wake

Using the variable X and complex-variable notation, the
plane two-dimensional velocity field associated with the wake
can be written from the Biot-Savart Law:”-8

uw(x»y:t)—ivw(x’y»t)E Ww(zlt)

I 1
=5= SO AR R) = (11

Here, z=x+iy, and z, =x, +iy, is the complex location at
time ¢ of the fluid element in the wake having circulation
dI'(\). This ““induction integral’’ is one example of a wake
integral that can be determined quite efficiently by taking
advantage of the variable N. For example, we describe in a
later paragraph how T'/(\) is determined via the generalized
Wagner equation, whereas the vortex locations z,(\,7) are
generated automatically by the code during the time-stepping
procedure.®10

Wake Configurations and Time-Stepping

Figure 1 shows a typical example of a computer-generated
version of the vortical wake existing at a given instant ¢ behind
an oscillating airfoil as calculated using the techniques imple-
mented in our present code.’ This instantaneous configuration
is then updated in the following time step, using the velocity
associated with both the airfoil bound vorticity and the wake
vorticity as in Eq. (11).

The wake configuration shown in Fig. 1 is much like those
depicted recently by several authors, and offers no advance
over their results. (See, especially, Refs. 11-13 and 15-17 and
the references cited therein.) As emphasized by many of these
authors, such wake configurations compare well with, and
appear to be confirmed by, the shapes of actual nonlinear
wakes as observed by flow visualization techniques such as
those described in Ref. 14.

In our present computer implementation of the wake con-
vection by time-stepping, in the present code, we have dis-
cretized the wake as if it were a sequence of point vortices. As
just mentioned, this part of our procedure emulates earlier
works and has the same inherent limitations, many of which
have been well-documented in the literature.!!-1>16 In later
paragraphs we discuss some of those limitations further, and
both our present methods and future plans for either handling
or removing some of them.

Airfoil Boundary Conditions

The exact inviscid boundary conditions at the surface of the
airfoil can be written down in a form similar to Eq. (3). In this
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Fig. 1 Wake behind an oscillating airfoil. Typical computer-
generated example.
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paper we treat the airfoil simply as a flat plate in large-ampli-
tude plunging and pitching motion. The instantaneous posi-
tion of the airfoil is then described by

Y Lairtoit = Ye(x,2) = A(t) — x tana(?) (12)

where A(t) is the height of the midchord (x =0) above the
inertial reference axis and «(¢) the angle of attack relative to
the freestream. Thus, if y. =y — Y. (x,#), then the no-through-
flow boundary condition at the airfoil is dy./d¢ =0, yielding

; «
v —u tanal jpop=h—X —5— (13)
airfoil COSZOt

or, in the axes fixed to the airfoil itself, (see Fig. 2)
Dl airfoil = h cosa —Xa (14)

If thickness and camber are included in the prescription of
the airfoil Eq. (14) is altered somewhat and coupling with the
tangential velocity @ l,;50n usually occurs. We have recently
been able to show that that situation can also be treated by the
methods used in this paper.!®2! For our present purposes,
however, the key features of large amplitude airfoil maneuver
are sufficiently well-illustrated by the flat plate example repre-
sented by Eq. (14).

Solution for the Velocity Distribution on the Airfoil:
Allowing for the Wake

Let us discuss our procedure for satisfying the airfoil
boundary condition, Eq. (14), in the light of the classical
method used by von Karman and Sears? and by Wagner.’ We
adopt a scheme written in the instantaneous coordinates (X, )
of the airfoil itself, as suggested by Fig. 2. A certain amount
of bound vorticity, (X, ), would be required on the airfoil to

+
~ 5 Wake
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v
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Fig. 2 Conditions at the airfoil: coordinate system and inclusion of
the wake effects.
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satisfy Eq. (14) is not wake were present. Obtaining v, is a
straightforward application of the method of conjugate func-
tions. But additional bound vorticity, v,(X,¢), is required to
cancel the normal component of the wake-induced velocity
[Eq. (11)] at the airfoil 2’ This additional vorticity is obtained
by using the steps sketched schematically in Fig. 2 and apply-
ing conjugate method to the whole. The composite flowfield,
associated with the total airfoil vorticity, yo + v, and the
wake vorticity, v,,, then satisfies the requisite boundary condi-
tions at each instant of time.

Using for convenience the angle variable 8 =cos~! (2%/¢c)
we can write the net result for the tangential velocity at the
plate as

U, sina(l — cosf)
sinf3

1/1—cosB T 1 + cosk
T < sinf > §)0 ded(et) <cosx - cosﬁ) 135

where ‘‘«’’ is a dummy angle variable corresponding to 8. In
Eq. (15), &(B,t) is given by

fl(,B,t) 'airfoil = Uoo cosa + + ﬁw(ﬁ;t)

(B, t) = h cosa — X — 0, (8, 1) (16)

[Compare Eq. (14)]. Both #,, and 7., are to be determined from
Eq. (11) with z evaluated at the appropriate location on the
airfoil surface. Note that W, = &1, — iD,, = e ~ ey,

Throughout this analysis we have assumed the applicability
of the instantaneous Kutta condition at the airfoil trailing
edge. The Kutta condition is built in, for example, in the result
given in Eq. (15).7:810

Mean Velocity and Bound Vorticity on the Airfoil

In the present case [(see Eq. (15)] we see that the mean of the
velocities on the top and bottom surfaces, <u(B)> =1/2
[@(B) + 4 — B)], is simply

<f(B)> = Us cosalt) + i1,,(B) amn

which reduces to the classical linearized theory limit of
<fi> = U, for a flat wake and small angle «, since in that
limit #,, is zero.

The corresponding nonlinear expression for the total airfoil
bound vorticity, — Au(X,t), at each instant is

(B, 1) = 0B, 1) + 11(8,0) =

—2[U,, sina(t) — ki cosa(?)] <%§i§> — co sing

2 (1 —cosB T 1 + cosk
T ( sinf > &0 il <cos:< - cosB) dx a8

In terms of the definitions used by von Karméan and Sears,
vo comprises the first two terms on the rhs of Eq. (18) for this
case, whereas +; is the final integral term and is associated
strictly with the presence of the wake. The corresponding
circulations are To = |“2 , d&yo(%,¢) and Ty = |72 , d&y,(%,1).

Wagner’s Integral Equation—Nonlinear Version

Wagner’s integral equation?®® is used in the classical theory
as a relationship between the quasisteady circulation T(¢)
associated with a given imposed motion of the airfoil and the
distribution of the trailing vorticity in the linearized wake.
To(t) is the chordwise integral of vo(83,¢) [see text, below Eq.
(18)]. Thus, with the Kutta condition assumed, it is the bound
circulation that would exist if no wake were present. For any
given airfoil motion, Ty(z) is known, so Wagner’s equation
determines the self-consistent wake vorticity distribution at
any instant.
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Recalling Kelvin’s theorem, we have
Tairsoit(t) + Tyare(2) =T'(0) 19

where T'(0) is a constant and where, as in Eq. (10), Tya(?) is
the net circulation in the wake at any instant, obtained by
integrating the wake vorticity along the entire wake. On the
other hand, in following Ref. 2, we have effectively broken
Tairon(?) into two parts:

Tairtonr = To(#) + () (20)
where T’y has been defined above and ', = [/2/, d&v,(X,1) is the
additional bound circulation (consistent with the Kutta condi-
tion) required by the presence of the wake.

When D,,, as obtained from Eq. (11), is inserted in the last
term of Eq. (18) and the resulting integral expression for I'; is
formulated, two of the three integrations can be carried out
completely, resulting in an expression for I'(¢), which involves
only a single integration over the wake vorticity. (A key point
in this analysis occurs on recognizing the fundamental integral

T/2 dg B T
o a+hbcosd jgZ_p2

where in the nonlinear case b is real but @ is complex, depend-
ing on the location of a given element in the wake, Thus, for
this purpose the main mathematical complication introduced
by the distortion of the wake is simply the need to keep track
of the correct branch of the complex square root.) Then, on
eliminating I';(¢) among Eqgs. (19), (20), and (10), we obtain a
nonlinear version of Wagner’s integral equation:

Smax(® 2, +c/2
1’0(1)—1‘(())——1%“0 dsy,(s,1) m] (21

or, on using our characteristic variable formulation

~ Co o e
To(t)=T(0)= —Re Ho da T’ (V) z‘—‘_v—c/z] 22)

where Re indicates ‘‘real part.”’ In Eqgs. (21) and (22) the wake
vortex location is Z,(\,1) = e®[z,(\, 1) — ik (¢)] in the coordinate
system fixed to and moving with the airfoil, and sy,,(f) is the
distance along the wake from the trailing edge to its end. For
the nonlinear case treated in this paper, Eq. (22) is used to
determine I''(A) in the wake, given I'y(¢) from the specified
imposed motion of the airfoil. This enables us to emulate the
classical procedure almost exactly. In the linear limit, Egs.
(21) or (22) reduce precisely to Wagner’s result.52

For the most part, solution of Eq. (22) for the wake vortic-
ity elements is very straightforward, especially during a se-
quential time-stepping procedure. Once a vortex element has
entered the wake, for example, its circulation T’/(A)dN\ is
‘“frozen’” and needs only be relocated with the element as it
convects. Thus, at any time ¢ the entire integral on the rhs of
Eq. (22) is known, except for the contribution due to the
unknown element just entering the wake at that instant. With
the lhs of Eq. (22) known for the specified motion, the re-
quired incremental circulation of the newly entering element is
then determined by comparison. One must note, however,
that at the beginning of the ‘‘starting problem’’ or after any
sudden stop or discontinuity of the imposed motion, careful
(analytical) treatment is required because of the singular ker-
nel in Eq. (22),>1920 and this must be reflected in the code as
a conditional branch.

Lift and Moment Formulations

One method of calculating loading, lift, and moment pro-
ceeds along relatively standard lines by means of the unsteady
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Bernoulli equation. The loading is, for a plate airfoil

—Ap =pe { <#(B)>AR(B) + A @—f)] (23)

One can integrate this loading over the chord to obtain both
lift and moment, provided due allowance is made for edge
forces. The alternative is to use the principle of conservation
of impulse, as emphasized in Ref. 2.

Either way, the results obtained for the large-amplitude case
can again be cast in a form remarkably similar to that of the
classical theory. We find!?

L(#)=Lo(t)+ Ly(t) + Ly(t) + L(1)
and
M(£) = Mo(t) + My(£) + Ma(t) + M(2)

where the first three terms in each of these expressions have
the same physical meaning—and virtually the same form ana-
lytically— as their classical counterparts as described by Kar-
man and Sears.? The terms L(z) and M(t), however, are new:
they are explicitly nonlinear, have no counterpart in the classi-
cla treatment, and formally vanish in the limit of a linearized
(low-amplitude) theory.

Specifically, the no-wake terms (sometimes called ‘‘quasi-
steady’’ terms) are!®

c/2

dx Zyekt)  (29)
/2

L(): —meFO; M0= —pm(_] COSO[S
-
where U= U, + h tana. The expression for L, is tantamount
to applying the Kutta-Joukowski theorem *‘instantaneously,’’
with U, replaced by U (the apparent freestream speed during
plunge) and with the airfoil circulation being obtained as if no
wake were present.
L, and M, represent the apparent mass contributions? and
take essentially their classical forms:

p d {2
Li=——— X dX vo3
' cosa dt!—r/Z T

_pm d c/2 N . C2
M= 2 dt Se/z ¥ o <x2_ 8 @5

even at large amplitudes.

Those remaining terms that are essentially of classical na-
ture are L, and M,. In particular, L, is a wake-induced effect
on the lift and is often called the “‘lift-deficiency’’ function in
the sense that it represents the extent to which the wake’s
presence prevents the airfoil from attaining immediately its
eventual (“‘quasisteady’’) response to a sudden change in con-
ditions. Knowledge of this lift-deficiency behavior is a key
element, for example, in the analysis of airfoil gust re-
spcl)onse.“’5 In the large-amplitude case the results turn out to
be

32,
Pe € ro at c
Ly=—F= 2 N s =—=
2 cosa 3 Re L dAT " (M) = _(02/4), M, ) L,
(26)

where 2, =z,(\,1).

It is helpful to note that the wake-integral formulation for
L, in Eq. (26) is very similar to the classical linear result, with
U, in the linear theory being replaced, inside the integral, by
the actual displacement rate of each vortex element, 33,/9¢. In
addition, as in Eq. (22), the argument of the square root is
complex, again reflecting the displacement of the wake vortex

NONLINEAR DYNAMICS IN SEVERE MANEUVER 389

elements out of the plane of the airfoil. Some of the details of
the reductions leading to Egs. (24-26), together with their
comparisons of Kdrmén and Sears, are available in Refs. 10
and 20.

It is remarkable that M,(¢), even in its nonlinear version,
retains the classical property that the lift-deficiency L, acts
precisely through the airfoil quarter chord.®? _

Finally, the explicitly nonlinear contributions, L(¢) and
M(1t), are found to be

CoS J —c2

32, 2, +c/2
vy Lo TRIA_ 7
<at °°S°‘> < Z,—c/2 1) 27

and

- Ooo c/2 . . Do t B _
L(t)y= — dxX(vo+v1) t o Re . dAT’ (V)

c/2 t
M(t)y=—p S_c/z dX X(vo+yDitw +p RESO dAT(N)

% . ,
<—a—t Ucosa>< 2= zv> (28)

Both of these expressions vanish in the linear limit.!° In prac-
tice, for coding purposes, it is useful to convert the first
integrals in each of these expressions also into wake integrals.

The conversion of all wake-related quantities in the lift and
moment responses to wake integrals is important theoretically
because it enables us to verify that the principle of conserva-
tion of impulse is satisfied, also in the nonlinear case. But
there are also major computational advantages to using the
wake integrals. Since the vorticity strengths I''(A) are deter-
mined by sequential solution of the Wagner equation as we go
along, the time-stepping procedure can be used automatically
to catalogue all the information needed for evaluation of any
of the desired wake integrals. If, at any instant during the run,
a lift or moment quantity is required, for example, its evalua-
tion can be called immediately and done explicitly. The effi-
ciency of this procedure is further enhanced by the use of the
shifted-time variable A.

Implementation

The preceding analysis was incorporated initially into a
computer program we called NL-WAKE. More recently, an
improved code NLJOUK, has been successfully developed.?
In the most recent version of both codes the response of both
the wake and the airfoil aerodynamics to given imposed mo-
tion are computed by first satisfying the Wagner integral
equation at each instant and then evaluating all necessary
wake integrals. As noted above, this is tantamount to using
impulse theory computationally. In NLWAKE, the free vortex
sheet is represented to an array of point vortices, whereas in
NLJOUK an additional payed option is made available.?°

The advantage of carrying the analysis to the point de-
scribed in this paper can be seen through the fact that there is
only one ‘“‘unknown’’ per time step (the value of the additional
circulation needed in the wake to maintain the Kutta condition
and satisfy Kelvin) when implementing either code. Having
obtained this quantity, T''(N), via the Wagner equation, all
remaining calculations of field and response quantities are
explicity. Not only are no finite-differencing grids required
but also, unlike the usual panel methods, for example, no
implicit procedures such as matrix inversions are needed. (This
approach also works explicitly for Joukowski airfoils of any
thickness and camber and also for more general shapes by
means of an extension of a method due to Theodorsen. See
Refs. 20 and 21.) The ‘‘panel method”’ implemented in
NLJOUK, for example, is explicit and is unusual in that sense.
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In our present implementation of NLWAKE, for example,
the code has a computational time which increases at a rate
slightly greater than N2, where N is the wake-element discreti-
sation number. Any additional overhead is due to the book-
keeping needed for the explicit integration procedures used at
any time step.

The computer screen provides an almost ideal tool for de-
picting and understanding wake evolution in this framework.
At each time step each fluid element in the wake (and/or free
circulation element) is advanced to its new location in x and y,
moving according to <v >, i.e., in the velocity field of all its
neighbors. Since X is constant for any such fluid element and
t is known, then 7 is determined at each new location at each
t. In effect, the computer automatically maps the drift time
field. When all the fluid elements in a given wake are shown in
their new positions at each new time the line through them and
the trailing edge at that moment is a streakline that depicts the
momentary shape and location of the vortical wake.

The use of an array of point vortices to discretise what is
really a smooth vortical wake is well-recognized to be a far
from perfect representation.!!-1313-17 We nevertheless adopted
that approach for the earlier versions of NLWAKE, partly
because of its simplicity and partly because of the extensive
information now available on how to remedy many of these
shortcomings. For example, NLWAKE can, at the user’s
choice, utilize a variety of desingularization methods!3-!> and/
or ‘‘vortex-splitting’’!! if needed for a given run. In the end,
however, there is a limit to this procedure; it cannot be refined
indefinitely.

The fact is that for a point-vortex array the limit of an ever
finer time step does not approach the smooth wake even if one
could afford it.

In developing the new code, NLJOUK, therefore, we have
implemented an option which uses a stretchable array of vor-
tex panels (including curvature) to represent the wake. A
principle feature of this approach is that the limit of finer and
finer discretization does approach the smooth continuous
wake. The procedure, as coded in NLJOUK, is similar to that
used successfully by Hoeijmakers'® except that the method is
explicit, as mentioned above,?® because of our use of the
Wagner equation.

Results

Inputs to either code include the time increment to be
used and the desired imposed motion of the airfoil or
““manuever.”” Analytic or continuous functions are not neces-
sarily required as inputs for the maneuver. The user can create
various histories for each of the independent ““control’’ vari-
ables A (f) and «(t) by construction, using pieces of functions
such as ramps, sinusoids, and steps as building blocks, as
desired. Typical results from the program are given in Figs.
3-5 for three basic maneuver elements.

In Fig. 3 we create Wagner’s ‘‘starting problem’’ by impos-
ing a step function of magnitude 20 deg in angle of attack at
t =5 in order to apply instantaneously a step in the circulation
Ty as defined above. Figure 3a is a picture of the wake trace
behind the airfoil, after 80 time steps. (The freestream velocity
for all examples shown in this paper is equal to ¢/4 per time
step.) Figure 3a shows the characteristic roll-up of the starting
vortex region as well as the bowing and overall downward
displacment of the wake. Improved resolution of the roll-up
region can be attained (within the limits mentioned above) by
reducing the time step used and/or employing ‘‘vortex split-
ting’’'1 as needed.

In Fig. 3b, the lift coefficient asymptotes to its steady value
as the starting vortex region convects more and more down-
stream. In addition; the expected instantaneous value of the
lift coefficient immediately after the step is recreated.? Just as
in the classical linear case, C;(f) attains half its eventual
steady magnitude immediately after the step is imposed. The
nose-up pitching moment about the midchord (Fig. 3¢) also
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Fig. 3 The starting problem: instantaneous loading of an airfoil.

shows initial delay relative to its eventual steady value as in the
classical theory. In fact, one sees that the lift acts virtually at
the one-quarter-chord throughout this ‘‘maneuver,’’>* consis-
tent with the result in Eq. (26). The small departures observ-
able are due to the “‘explicitly nonlinear’’ terms L and M.
Perhaps the most interesting single feature of this particular
example is that not only the qualitative but also the quantita-
tive features of the classical (linearized) results are reproducd,
despite the fact that the chosen step amplitude is quite large
and large enough to displace the wake downward quite signif-
cantly. Even the decay functions for the lift and moment
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coefficients differ very little from their linear theory counter-
parts. In Figs. 3b and 3¢ various contributions to the total lift
and moment coefficients are identified. The ‘‘equivalent
wake-induced term,”’ for example, is the nonlinear counter-
part'? of the ““lift-deficiency’’ function described by von Kar-
man and Sears® and is obtained from Eq. (26).

Figures 4 and S show sample results for two simple ‘‘com-
pleted’’ maneuvers in terms of their effects on the loading of
the airfoil. In the first maneuver the airfoil undergoes a sinu-
soidal oscillation in angle of attack for one complete cycle,
then stops its unsteady motion altogether, as shown in Fig. 4a.
Figure 4b shows the wake curling up downstream, whereas
Fig. 4c shows the effect of the maneuver on the lift coefficient
and Fig. 4d shows the response of the moment coefficient. As
expected, the lift leads the input function «(¢) as a result of the
a terms. In fact, even the no-wake ‘“‘Joukowski’’ lift term,
—pUxT'o(¢), contains a leading & contribution, since the
integral of the first two terms in Eq. (18) gives

2
To(t) = — xcU., sina—% & 9)

with #=0 and «(¢) = o sinw? in this example. [The & term in
Eq. (29) is sometimes called the ‘‘effective camber” due to
pitch. It can also be viewed as the lift produced by a twirling
paddle in a crosswind.] The result in Eq. (29) provides for this
case the /s driving term for Eq. (22) needed for the determi-
nation of the wake-related quantities in the figures; it also
appears as the ‘‘no-wake term’’ in Fig. 4c.

Interestingly, the ‘‘apparent mass’’ contribution? to the lift
produces, in this example, an additional & term of identical
sign and magnitude to that in T itself. This is also sketched in
Fig. 4c.

Both the lift and the moment show the residual effect of the
wake’s presence after the maneuver has stopped. The residual
values of the coefficients, prior to relaxation, are about 5 to 10
percent of the maximum values attained during the maneuver.
The sense of the residual value in each case is that of the last
completed part of the maneuver. In other words, the motion
of the airfoil, in this example is an upward pitch as it com-
pletes the sinusoid; this motion sheds counterclockwise vortic-
ity into the wake, which, being nearer to the airfoil than the
vorticity shed earlier, creates in turn a net downwash on the
airfoil. The downwash diminishes the dirfoil’s lift and mo-
ment relative to their no-wake values, leaving in this example
a residual down-load and a residual nose-down moment both
of which decay away as the wake vorticity is swept down-
stream. Once again, one sees the dominant effects of the
results in Eq. (26) as the decay proceeds.

The controlling factor for the size and extent of the
residual effects appears to be the magnitude of the time rates
of change of the input function. This is illustrated for example
in Figs. Sa—c, where the input goes to the extreme of a step
function in angle of attack followed by the negative of this
step 30 time increments later. Figure 5a shows an example of
a 10 deg up-and-down step. Note that the resulting wake has
a ‘‘square wave’’ appearance, and the residual lift and mo-
ment at the end of the maneuver (Figs. 5b and 5¢) are on the
order of 30 percent of the quasistatic value prior to decay.
Step changes, of course, represent very rapid pitching or
plunging rates. These high rates introduce large amounts of
vorticity into the wake over a short increment of wake length.
In the present study, residual lifts and moments of this order
are seen in many examples prior to their subsequent decay,
and the relaxation process for both the lift and moment often
requires many chords lengths of wake convection before the
effect of the maneuver is no longer felt.

“Benchmark’’ Comparisons

From the outset of this studey we have sought to establish
conclusive ‘‘benchmark’ comparisons with classical linear

NONLINEAR DYNAMICS IN SEVERE MANEUVER 391
30 1
2.0 - —
©
@
(=]
~ .0 — h
-
123
2
T o}
)
o —
2 1o |-
<
L= ¢
-2.0 [— |
3.0 L | 1 | l | I
o] 20 40 60 80
a) Input angle of attack history [a(¢)] Time (Nondimensional)
9 | | l | 1 l T
. & ]
1.3
b
o
€ 3 — _
'}
.E g
20— |
A
>
-3 — —
e [ Y T O N B
-3 (o} 3 [ 9 12 15 I8 21
b) Wake at £ =80 X (Chord Lengths)
03 | i T 1
No- Wake Term
0.2 Total Lift _
: Apparent Mass Term
Explicit Non-Lineor Term
hid
;:: 0.1 Equivalent Wake-Induced Term —
]
£ o
o
[¥]
bt
-0 —
-0.2 |
o3 Y N DU N N
o] 20 40 60 80
¢) History of lift coefficient Time (Nondimensional)
6.0 l | | | |
No-Wake Term
4.0 — -
Total Moment
[1d
€
2 2.0 —
L
®
S o
c Apparent Mass Term
@
Explicit Non-Li T —
5_2_0 | xplicit Non-Linear Term
Equivalent Wake-Induced Term
-4.0 — —
60 I R S
o) 20 40 60 Time 80

d) History of moment coefficient response. (Nondimensional)
Fig. 4 Sinusoidal maneuver: time variant loading and unloading of
an airfoil



392 McCUNE, LAM, AND SCOTT

Y {Chord Lengths)

S S Y N N BN

-3 0 3 6 9 12 15 18 2
X (Chord Lengths)

a) Wake at 1 =80

| No-Wake Term —
/—Total Lift
bl
E 0.} +— ]
2
Q
2
bl —
b4 Apparent
(%] [Mass Term
-
-
53 0
Explicit Non-Linear Term
Equivalent Woke-Induced Term
_o.1 | N S W SN PR
o 20 40 60 80

Time (Nondimensional)
b) History of lift coefficient

2.0 f [ T f f [ [ T
Equivalent Waoke-Induced Term
I Explicit Non-Linear Term o
"
T
2 (o] A
L
< Apparent
3 Mass Term
(&) — |
€
£
c-2.0 (— .
=
\No-Woke Term
40 I RN N N N SR
0 20 40 60 80

Time (Nondimensional)
¢) History of moment coefficient

Fig. 5 Completed step function ‘‘instantaneous” loading and un-
loading of an airfoil

theory. The response to a step function, as discussed abouve,
was one of those hoped-for benchmarks. A more elusive ex-
ample has been the numerical determination of the response of
an airfoil to continual oscillation in plunge or pitch. We
wished to make contact with von Kdrméan and Sears’ linear
results,? at least at very low amplitude, comparing our num-
bers for phase shift and amplitude ratio with the classical
answers. However, prior to our use of the wake-integral for-
mulation of the lift and moment response our success was
limited. In addition, we verified the expected fact that good
wake resolution is necessary for success in a comparison of
this sort.
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range of reduced frequency w./2Us». Comparison with classical re-
sults.

With the wake-integral reformulation, both for NLWAKE
and NLJOUK, this benchmark comparison is quite satisfac-
tory, as we show in Fig. 6. In fact, the accuracy based on this
comparison now appears to be limited only by the degree of
time resolution one is willing or able to use in describing the
actual wake evolution.

Figure 6a shows the calculated phase shifts, using the ad-
vanced code NLJOUK, for an airfoil oscillating in low-ampli-
tude plunge over a substantial range of reduced frequencies,
we/2U,, as compared with the von Karmdan-Sears results.
Figure 6b illustrates the corresponding amplitude-ratio com-
parisons. The phase-shift calculations are the most sensitive,
as one sees, but we have found that more and more accurate
results are systematically obtained as wake resolution is in-
creased. Very similar results are found for the pitching mo-
ment response.

The effect of the amplitude of oscillation on the phase shift
and amplitude ratio of airfoil response is also investigated and
is surprisingly slight, relative to the classical linear theory.

Conclusion

Among the strong points of the present quasi-analytic ap-
proach to this problem are thie speed and flexibility of the
resulting computer codes. Since we solve for only one un-
known per time step, the results can be displayed online on a
graphics screen. A typical run of NLWAKE of 80 time steps,
which may extend the wake 20 chord lengths or more down-
stream, takes only S to 10 min to generate when run on a DEC



MARCH 1990

VAX 11-750 computer. In terms of flexibility, the programs
can be run, especially in the case of NLJOUK, in a high-reso-
lution mode (taking longer, of course) for higher accuracy.
The calculations can also accept any combination of sinu-
soids, pieces of sinusoids, step functions, or constant values in
each of the input variables #(#) and «(¢). The use is free to
““fly’’ a given maneuver on his or her own, having only to
construct a desired realistic forcing function for the airfoil
motion with interactive input. The code appears to be particu-
larly valuable in helping to identify and quantify delayed
and/or residual aerodynamic responses of airfoils during and
after severe maneuver.
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